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Abstract
Einstein’s rate equations are derived from the semiclassical Bloch equations describing the interaction of a classical broadband
light field with a two–level system.
I. INTRODUCTION
Lorentz’s damped and forced harmonic oscillator equa-
tion [1] and Einstein’s rate equations [2] are very valuable
and widely used heuristic models for the description of
light–matter interaction. Although each of these mod-
els applies to different situations (roughly speaking, the
Lorentz equation usually applies when weak or highly de-
tuned fields are involved whilst Einstein rate equations
are most adequate for describing resonant interaction of
atoms with broadband fields), both can be fully justified
withing the framework of quantum optics in the appro-
priate limits [3, 4, 5, 6].
Generically speaking, formal derivations from first
principles of heuristic models are important. This is not
only for easthetical reasons or completitude arguments
as these derivations allow to clarify the domain of ap-
plicability of the heuristic model. The situation of the
Lorentz and Einstein models is quite different in this
sense: Whilst formal derivations of the Lorentz equation
from the semiclassical theory of light–matter interaction,
i.e. from the optical Bloch equations, can be found in
several textbooks (see, e.g. [3, 4]), formal derivation of
the Einstein’s rate equations (ERE for short) cannot be
found in textbooks nor in research articles to the best of
the authors knowledge [7]. This is the most surprinsing
given the paramount importance of the Einstein model.
Of course, the above does not mean at all that the con-
nection between the optical Bloch equations and ERE
has not been treated: Several quantum optics textbooks
(see, e.g. [4, 5, 6]) discuss ERE and provide derivations
of the A and B Einstein coefficients. We find it impor-
tant to remark that whilst the derivation of the A co-
efficient requires quantization of both matter and elec-
tromagnetic field (see, e.g. [5]) [8], the B coefficient can
be derived within the standard semiclassical formalism
(in which only matter is quantized), a derivation that
provides the same result as that obtained with the fully
quantized theory [5]. Obviously, the values of A and B
thus obtained verify the relation already given by Ein-
stein for the ratio A/B. It is also worth noting that the
semiclassical derivations of the B coefficient make use of
the assumption of weak field, an approximation that is
not necessary indeed.
In this article we derive ERE from the Bloch equations
with heuristically added spontaneous emission terms as
we are interested in stimulated processes. The article
is organized as follows: In section II we present briefly
ERE; in section III we introduce the optical Bloch equa-
tions and reduce them to an integro-differential equation
for the atomic inversion. Then, we derive ERE, first in
the limit of weak field intensity (section IV) and later
removing this assumption (section V). We find it con-
venient to make this distinction because the derivation
in the weak field limit does not involve certain statisti-
cal assumptions which are necessary for arbitrary field
strength. In section VI we discuss the limits of valid-
ity of ERE and finally, in section VI, we give our main
conclusions.
II. EINSTEIN RATE EQUATIONS
ERE were postulated by Albert Einstein in his fa-
mous 1917 paper [2] and a clear presentation of them
can be found, e.g., in [5]. Einstein introduced three
basic processes describing the interaction of a broad-
band isotropic light field with an atomic two–level sys-
tem: Stimulated absortion, stimulated emission, and
spontaneous emission. Einstein assigned to these pro-
cesses a constant probability per unit time given by
B12W (ω21) , B21W (ω21) , and A21, respectively, being
W (ω21) the spectral energy density of the light field at
the frequency ω21 of the atomic transition, and A21, B12,
and B21 the Einstein coefficients, which do not depend
on the field strength nor on time.
Assuming that all N atoms are in either the upper
excited state (labelled 2) or in the lower fundamental
state (1), the time evolution of the population of atoms
in level 2 (N2) and 1 (N1 = N −N2) are governed by
N˙2 = −A21N2 +W (ω21) (B12N1 −B21N2) , (1)
N˙1 = −N˙2, (2)
assuming that the number of atoms N is large enough for
the individual absorptions and emissions produce smooth
temporal changes in the populations (the dot stands for
time derivative).
Through the analysis of thermal equilibrium it is easy
to prove that B12 = B21 and A21/B21 = ~ω
3
21/π
2c3 [5].
Finally, by introducing the normalized population inver-
sion
n¯ =
N2 −N1
N
, (3)
(1 ≥ n¯ ≥ −1) we can rewrite ERE Eqs.(1) and (2) in the
simpler form
d
dt
n¯ (t) = −A [n¯ (t) + 1]− 2BW (ω21) n¯ (t) , (4)
1
with A ≡ A21 and B ≡ B12 = B21.
A. Weak field limit of ERE
For later purpouses it is convenient to consider the
special case of a weak light field. This can be done by
writing W (ω21) = εW1 (ω21), with ε ≪ 1 and W1 (ω21)
an order one quantity, expanding the inversion in powers
of ε
n¯ (t) =
∞∑
m=0
εmn¯m (t) , (5)
and writing the equation of evolution for the first orders
in ε. At order ε0 Eq.(4) reads dn¯0/dt = −A (n¯0 + 1),
and thus n¯0 = −1 after a transient. Making use of this,
at order ε one gets
d
dt
n¯1 (t) = −A [n¯1 (t) + 1] + 2BW1 (ω21) , (6)
which is the weak field limit of ERE.
III. BLOCH EQUATIONS FOR A TWO–LEVEL
SYSTEM
Let us consider a light field of the form
~E (r, t) = E (r, t) +E∗ (r, t) , (7)
E (r, t) =
∫
d3kE (k) ei(k·r−ckt), (8)
interacting with a closed two–level atom or molecule,
whose excited and fundamental states are |2〉 and |1〉,
respectively. The two–level atom has a transition fre-
quency ω21 and electric dipole matrix elements 〈2| µˆ |1〉 =
〈1| µˆ |2〉 ≡ µz, which have been taken to be real vectors,
alligned parallel to the cartesian z−axis, without loss of
generality. In the Dirac picture, and after performing
the rotating–wave approximation, the semiclassical op-
tical Bloch equations for an individual atom located at
point r can be written as [3, 4, 5]
ρ˙22 (r, t) = −Aρ22 − i [Ω
∗ (r, t) ρ21 − Ω (r, t) ρ12] , (9)
ρ˙11 (r, t) = +Aρ22 + i [Ω
∗ (r, t) ρ21 − Ω (r, t) ρ12] , (10)
ρ˙21 (r, t) = −
1
2
Aρ21 − iΩ (r, t) (ρ22 − ρ11) , (11)
where ρ22 (ρ11) is the population of the upper (lower)
atomic level, ρ12 is the slowly varying atomic coherence
and
Ω (r, t) =
µ
~
z · E (r, t) eiω21t, (12)
is half the complex Rabi frequency of the light field. The
effect of spontaneous emission needs to be described phe-
nomenologicaly (through the damping/pumping terms
proportional to the A coefficient) since, as it is well
known, the standard semiclassical theory cannot describe
spontaneous emission [? ].
The optical Bloch equations (9)–(11) admit the simpler
form
n˙ = −A (n+ 1)− 2i (Ω∗ρ21 − Ωρ12) , (13)
ρ˙21 = −
1
2
Aρ21 − iΩn, (14)
where n (r, t) ≡ ρ22 (r, t) − ρ11 (r, t) is the population
inversion of the atom.
Now Eq.(14) can be integrated formally yielding
ρ21 (r, t) = −i
∫ t
0
dτ Ω (r, τ)n (r, τ) e
1
2
A(τ−t), (15)
where we have taken ρ21 (r, 0) = 0 for the sake of sim-
plicity. Substituting this into Eq.(13) we get
n˙ = −A (n+ 1) (16)
− 4Re
∫ t
0
dτ Ω∗ (r, t) Ω (r, τ)n (r, τ) e
1
2
A(τ−t).
A. Ensemble averaging
Let us emphasize that Eq.(16) is the equation of evo-
lution for the population inversion for a single atom. As
we are interested in the average evolution of the whole
system, the ensemble of atoms, which is the quantity
whose evolution ERE describe, we next write down the
evolution equation for the ensemble averaged inversion
n¯ (t) ≡ 〈n (ra, t)〉 , (17)
where the index a labels each atom and
〈f (ra, t)〉 =
1
N
N∑
a=1
f (ra, t) , (18)
for any arbitrary function f (ra, t) (N the total number
ot atoms). The equation of evolution of the ensemble–
averaged inversion n¯ (t) is obtained from Eq. (16) and
reads
d
dt
n¯ = −A (n¯+ 1)− 4Re
∫ t
0
dτCn (t, τ) e
1
2
A(τ−t),
(19)
Cn (t, τ) = 〈Ω
∗ (ra, t)Ω (ra, τ)n (ra, τ)〉 . (20)
In the next section we derive ERE for the particular case
of a weak light field, and leave the general case for the
following section.
IV. DERIVATION OF THE EINSTEIN’S RATE
EQUATIONS I: WEAK FIELD
We start with Eq.(16) and follow the same steps as in
deriving Eq.(6) in subsection IIA: Assume a weak field
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Ω (r, τ) = εΩ1 (r, τ), expand the inversion in powers of
ε, Eq. (5), and find the equation of evolution at order ε.
One easily gets
n˙1 = −A (n1 + 1) + 4Re
∫ t
0
dτΩ∗ (r, t) Ω (r, τ) e
1
2
A(τ−t).
(21)
Now, performing the ensemble averaging
d
dt
n¯1 = −A (n¯1 + 1) + 4Re
∫ t
0
dτC (t, τ) e
1
2
A(τ−t), (22)
where C (t, τ) is the correlation function
C (t, τ) = 〈Ω∗ (ra, t)Ω (ra, τ)〉 . (23)
A. Evaluation of the correlation C (t, τ )
In this subsection we calculate the correlation function
C (t, τ) for the special case of an isotropic broadband
light–field. From Eq. (23) and definition (18) we have
C (t, τ) =
1
N
N∑
a=1
Ω∗ (ra, t)Ω (ra, τ) , (24)
which, under the assumptions of very large N and homo-
geneous spatial distribution of atoms, can be computed
as
C (t, τ) =
1
V
∫
d3r Ω∗ (r, t)Ω (r, τ) . (25)
with V the volume occupied by the sample. Making use
of Eq. (12), Eq. (25) becomes
C (t, τ) =
µ2
V ~2
∫
d3r E∗z (r, t)Ez (r, τ) e
−iω21(t−τ), (26)
with Ez (r, t) = z ·E (r, t). By using Eq. (7), and assum-
ing a large enough gas volume as for being possible to
apply
∫
d3r ei(k
′−k)·r = (2π)3 δ (k′ − k), which is strictly
valid only for an infinite volume, Eq. (26) becomes
C (t, τ) =
(2π)
3
µ2
V ~2
e−iω21(t−τ)
∫
d3k |Ez (k)|
2
eick(t−τ),
(27)
with Ez (k) = z · E (k)
We now evaluate the integral in Eq.(27) by expressing
the electric vectors as
E (k) = e|| (k)E|| (k) + e⊥ (k)E⊥ (k) , (28)
where the polarization unit vectors e|| (k) and e⊥ (k) are
perpendicular to k, and are chosen to be parallel and
orthogonal, respectively, to the plane defined by k and z.
With this choice,
z · e|| (k) = sin θ, z · e⊥ (k) = 0, (29)
with θ is the angle defined by k and z [10].
Substituting Eqs. (28) and (29) into Eq. (27) and ex-
pressing the integral in spherical coordinates, we obtain
C (t, τ) =
(2π)
3
µ2
V ~2
e−iω21(t−τ)
∫ 2pi
0
dϕ
∫ pi
0
dθ sin3 θ (30)
×
∫ ∞
0
dk k2
∣∣E|| (k)∣∣2 eick(t−τ).
We finally assume that |E (k)|
2
is dependent on k but
not on the orientation of k, i.e. we assume that the light
energy at a given k is distributed isotropically in all di-
rections. In particular, we write
∣∣E|| (k)∣∣2 = ∣∣E|| (ω)∣∣2 , ω = ck. (31)
Under this assumption, the angular integrations can be
done and changing the integration varible from k to ω,
Eq. (30) becomes
C (t, τ) =
(2π)
4
4µ2
3V ~2c3
e−iω21(t−τ) (32)
×
∫ ∞
0
dω ω2
∣∣E|| (ω)∣∣2 eiω(t−τ).
Finally, taking into account that the spectral density of
energy per unit volume of the light field can be written
as (see the Appendix)
W (ω) =
8ε0
V c3
(2π)
4
ω2
∣∣E|| (ω)∣∣2 , (33)
we can express the correlation function C (t, τ), Eq. (32),
in terms of W (ω) as
C (t, τ) =
µ2
6~2ε0
e−iω21(t−τ)
∫ ∞
0
dω W (ω) eiω(t−τ). (34)
Introducing β = ω − ω21, we get
C (t, τ) =
µ2
6~2ε0
∫ +∞
−∞
dβ W (ω21 + β) e
iβ(t−τ). (35)
where the lower integration limit has been extended from
−ω21 to −∞, which is a very good approximation for op-
tical frequencies. Hence it turns out that C (t, τ) is pro-
portional to the Fourier transform of the spectral density
of energy of the light field.
B. Rate Equations
Making use of Eq.(35), Eq.(22) reads
d
dt
n¯1 (t) = −A (n¯1 + 1) +
2µ2
3~2ε0
(36)
×
∫ +∞
−∞
dβ W (ω21 + β)K (β) ,
K (β) = Re
∫ t
0
dτe−(
1
2
A−iβ)(t−τ). (37)
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Performing the integral K (β) one gets,
K (β) = Re
1− e−(
1
2
A−iβ)t
1
2A− iβ
At≫1
→
1
2A(
1
2A
)2
+ β2
, (38)
Re
∫ +∞
−∞
dβ W (ω21 + β)K ≈ πW (ω21)
which is a Lorentzian of width A centered ar β = 0.
Going back to Eq. (36), if W (ω21 + β) is a smooth
function, (specifically, if A [∂W (ω21 + β) /∂β]β=0 ≪ 1)
we can take W (ω21 + β) = W (ω21) and the final result
reads (
∫ +∞
−∞
dβ K (β) = π):
d
dt
n¯1 (t) = −A (n¯1 + 1) +
2πµ2
3~2ε0
W (ω21) , (39)
which compared with Eq.(6) provides the following value
for the Einstein B coefficient:
B =
πµ2
3~2ε0
, (40)
which is the correct one for isotropic radiation [5].
V. DERIVATION OF THE EINSTEIN’S RATE
EQUATIONS II: ARBITRARY FIELD STRENGTH
Now we remove the weak light field assumption and
return to Eq.(19). Now it is the correlation Cn, Eq.(20),
that has to be evaluated.
We are considering broadband incoherent light fields.
This implies that the quantities appearing in Cn oscil-
late randomly in time: On the one hand the phases of
the Fourier components components of the field, E (k),
are random as the field is incoherent, and on the other
hand, the values taken by the population inversion of
a single atom n (r, τ) are not correlated with those of
the fields at this very instant, because the value of the
inversion depends on previous times. Thus, it seems rea-
sonable to assume that the random variations of the in-
version of each individual atom, n (ra, τ), are decorre-
lated from the random variations of the mutual intensity
Ω∗ (ra, t)Ω (ra, τ). This assumption constitutes our main
approximation. Thus, we assume
Cn (t, τ) ≈ 〈Ω
∗ (ra, t)Ω (ra, τ)〉 〈n (ra, τ)〉 = C (t, τ) n¯ (τ) ,
(41)
with C (t, τ) given by Eq.(35).
Once Eq.(41) is assumed, the derivation of ERE is
easy: substituting Eqs.(41) and (35) into Eq. (19) one
gets
d
dt
n¯ (t) = −A [n¯ (t) + 1]−
2µ2
3~2ε0
Re
∫ t
0
dτn¯ (τ) e−
A
2
(t−τ)
(42)∫ +∞
−∞
dβ W (ω21 + β) e
iβ(t−τ),
which after making the same assumptions as in Sec. IVB
becomes
d
dt
n¯ (t) = −A [n¯ (t) + 1]−
2πµ2
3~2ε0
W (ω21) n¯ (t) . (43)
This is the same Eq. (4) after identifying the B coeffi-
cient, Eq.(40).
We see that it is not necessary to assume a weak field
for deriving the B coefficient with the semiclassical the-
ory. In spite of that, for arbitrary field intensity it is the
statistical independence of the flutuations of the inver-
sion and the mutual intensity that must be invoked.
VI. ESTIMATION OF THE DOMAIN OF APPLI-
CABILITY OF THE EINSTEIN’S RATE EQUA-
TIONS
The derivation presented above is a bit crude in the
sense that the approximation carried out in Sect. IVB
(thatW (ω) was a smooth enough function of ω) does not
inform on the domain of validity of the resulting ERE. In
other words, we have assumed an infinitely broad spec-
trum for the light field and the natural question is: How
broad must the spectrum be for ERE be valid? In this
section we give such an estimation by considering a fi-
nite spectrum linewidth. Especifically, we assume that
W (ω) has a Lorentzian form, which represents many ac-
tual light sources but can be regarded also as a repre-
sentation of any bell-shaped distribution. Then we take
W (ω) =W (ω0)
γ2
γ2 + (ω − ω0)
2 , (44)
where ω0 is the center of the spectrum, which has a width
γ. We note that
W (ω21) = W (ω0)
γ2
γ2 + δ2
, (45)
where δ = ω21−ω0 is the detuning between the transition
frequency and the center of the light field spectrum. With
this lorentzian form, Eq. (34) can be evaluated to yield
C (t, τ) =
πµ2
6~2ε0
γW (ω0) e
−iδ(t−τ)e−γ(t−τ). (46)
We now go back to Eq. (19), with approximation (41),
and obtain
d
dt
n¯ (t) = −A [n¯ (t) + 1]− 2γBW (ω0) (47)
× Re
∫ t
0
dτ n¯ (τ) e−(
1
2
A+γ+iδ)(t−τ),
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where we have made use of Eq. (40). We finally evaluate
the integral by parts repeatedly, yielding
d
dt
n¯ (t) = −A [n¯ (t) + 1]− 2γBW (ω0) (48)
Re
∞∑
p=0
(−1)
p
(
1
2A+ γ + iδ
)p+1
×
[
n¯(p) (t)− n¯(p) (0) e−(
1
2
A+γ+iδ)t
]
,
where the superscript (p) denotes the p−th derivative
with respect to t. If we now assume that γ ≫ A (the
spectrum is broad referred to the natural linewidth of
the atomic transition), the exponentials in Eq. (48) can
be ignored as they are damped out in a time ∼ γ−1 much
smaller that the characteristic time A−1 of the inversion
dynamics. Then
d
dt
n¯ (t) = −A [n¯ (t) + 1]− 2γBW (ω0)
∞∑
p=0
Sp (t) , (49)
Sp (t) = n¯
(p) (t)Re
(−1)p
(γ + iδ)
p+1 . (50)
Clearly, in order that Eq. (49) be equivalent to Ein-
stein equation, Eq. (4), the terms with p ≥ 1 should be
negligible. Let us then evaluate the order of magnitude
of the p−th order, which we denote by O (Sp):
O (Sp) = O
(
n¯(p)
)
Re
1
(γ + iδ)p+1
≤ O
(
n¯(p)
)
|γ + iδ|
−(p+1)
= O
(
n¯(p)
) (
γ2 + δ2
)− p+1
2 .
(51)
We thus need to evaluate O
(
n¯(p)
)
. We start with p = 0,
i.e., n¯(0) (t) = n¯ (t) whose order of magnitude is 1. Thus
O
(
n¯(0)
)
= 1. We proceed with p = 1, and assume that
it can be computed by neglecting the Sp≥1’s in Eq. (48).
We then have
n¯(1) (t) = −A [n¯ (t) + 1]− 2BW (ω21) n¯ (t) , (52)
where Eq. (45) has been used. An upper bound
to the order of magnitude of n¯(1) can be estimated
by using O
(
n¯(0)
)
≡ O (n¯) = 1, hence O
(
n¯(1)
)
=
2A + 2BW (ω21). Similarly we obtain n¯
(2) (t) ≃
− [A+ 2BW (ω21)] n¯
(1) (t), and making use of Eq. (52),
O
(
n¯(2)
)
= [2A+ 2BW (ω21)]
2
, where a factor 2 mul-
tiplying A has beed added, which amounts to over-
estimate O
(
n¯(2)
)
. In general one gets O
(
n¯(p)
)
=
[2A+ 2BW (ω21)]
p
. Substituting this expression into Eq.
(51) we obtain
O (Sp) = γ [2A+ 2BW (ω21)]
p (
γ2 + δ2
)− p+1
2 . (53)
Now we now impose O (Sp+1) ≪ O (Sp), what directly
leads to an upper bound to the spectral density,
2BW (ω21)√
γ2 + δ2
≪ 1, (54)
where we have recalled that A≪ γ.
In resume, under condition (54), all Sp≥1 can be ne-
glected and Eq. (49) reduces to the Einstein’s rate equa-
tion Eq. (4). Notice that condition (54) imposes a con-
strain on the field spectrum for ERE being applicable: If
the energy density W (ω21) is very large, the spectrum
linewidth γ (or the detuning δ) must be consequently
large.
VII. CONCLUSIONS
We have provided a derivation of the Einstein’s rate
equations from the semiclassical Bloch equation for an
esemble of two–level atoms or molecules. The derivation
has been done first for a weak field and we have obtained
the right expression for the B coefficient. In our deriva-
tion the necessary ensemble averaging is done explicitly.
Then, we have generalized the derivation to the case or
arbitrary field strength by assuming a statistical inde-
pendence of the flutuations of the atomic inversion and
the mutual intensity, which is a reasonable assumption
for an incoherent light field. Finally we have estimated
which condition the spectrum of such an incoherent field
must verify for the ERE be valid, Eq. (54).
Let us finally note that in all the above derivations
the condition At ≫ 1 has been invoked. Thus the ERE
describe the ”long term” behavior of the system and their
solutions are only meaningful in this limit.
VIII. APPENDIX
Let us now see how Eq. (32) relates to the spectral
density of energy per unit volume of the light field. The
energy per unit volume η can be computed as
η =
ε0
2V
∫
d3r
[
~E2 (r, t) + c2 ~B2 (r, t)
]
. (55)
By making use of Eq. (7), writing ~B (r, t) = B (r, t) +
B
∗ (r, t) with
B (r, t) =
∫
d3kB (k) ei(k·r−ckt), (56)
and making use of the well known property (a× b) ·
(c× d) = (a · c) (b · d) − (a · d) (b · c), it can be read-
ily shown that
η = 2
ε0
V
(2π)3
∫
d3k
[
|E (k)|2 + c2 |B (k)|2
]
. (57)
Taking into account that
B (k) =
k×E (k)
c |k|
, (58)
Eq. (57) simplifies to
η = 2
ε0
V
(2π)
3
∫
d3k |E (k)|
2
. (59)
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Now, making use of Eq. (28), expressing this integral in
spherical coordinates, and changing the integration vari-
able from k to ω = ck, one gets
η = 8
ε0
V c3
(2π)
4
∫ ∞
0
dωω2
∣∣E|| (ω)∣∣2 , (60)
where the angular integration has been performed and
again it has been used the isotropy condition |E⊥ (ω)|
2
=
∣∣E|| (ω)∣∣2. Finally, from Eq. (60) we identify the spectral
density of energy per unit volume as
W (ω) = 8
ε0
V c3
(2π)
4
ω2
∣∣E|| (ω)∣∣2 . (61)
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